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Abstract. Colloids held by optical or magnetic tweezers have been used to
explore the local rheological properties of a complex medium and to extract work
from fluctuations with some appropriate protocols. However, a general theoretical
understanding of the interplay between the confinement and the interaction with the
environment is still lacking. Here, we explore the statistical properties of the position
of a probe confined in a harmonic trap moving at constant velocity and interacting
with a bath of colloidal particles maintained at a different temperature. Interactions
among particles are accounted for by a systematic perturbation, whose range of validity
is tested against direct simulations of the full dynamics. Overall, our results provide
a way to predict the effect of the driving and the environment on the probe, and
can potentially be used to investigate the properties of colloidal heat engines with
many-body interactions.
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1. Introduction
Optically trapped colloids are used to probe the rheology of complex media [1–6],
measure Casimir forces in critical mixtures [7, 8], challenge the Landauer relation
between information and thermodynamics [9] or test out-of-equilibrium extensions of
the fluctuation-dissipation relation [10, 11]. Recently, microscopic engines have been
realized by varying cyclically the stiffness of the trap and the temperature [12, 13] or the
activity [14] of the surrounding bath. For this broad range of applications, it is desirable
to have a general theoretical framework able to describe the statistical properties of a
trapped particle in contact with a complex bath, including out-of-equilibrium situations.
In active microrheology [15], a colloid —the probe— held by an optical trap is driven
through the investigated medium, for instance a colloidal suspension [2]; the position of
the colloid in the trap allows one to determine the drag force felt by the colloid and to
infer a rheological property of the medium. However, almost all the theoretical analysis
of the motion of the probe assume either a constant velocity or a constant force driving
mode [16–24]. As these driving modes correspond to, respectively, the strong and weak
trap limits [22], a theory for an arbitrary trap stiffness would bridge the gap between
former results.
For microscopic engines, it is crucial to quantify the effect of the bath on the trapped
colloid to understand their behavior and optimize their efficiency. In a simple fluid, the
colloid follows a Langevin equation in an external potential and the heat and work
extracted from its motion can be calculated explicitly [25]. In more complex fluids, such
as a colloidal suspension or even a bacterial bath [14], explicit results are scarce [26–28].
Here, we address the position statistics of a trapped probe with overdamped
Langevin dynamics in contact with a general colloidal bath in two out-of-equilibrium
situations : (i) The trap is in motion with respect to the colloidal bath (Fig. 1), which can
be applied to active microrheology. (ii) The colloidal bath has a temperature different
from the temperature felt by the probe, which can be used to model an active bath [29].
Treating the colloidal bath under the random phase approximation [23, 30] and using a
path-integral framework introduced in [31], we compute perturbatively the effect of the
bath on the generating function of the probe position. From the generating function,
we can extract the average position, which is proportional to the drag force on the
probe measured in active microrheology, and the variance of the position, which can
be regarded as an effective temperature, and is related to force-induced diffusion in
constant force microrheology [20].
This article is organized as follows. The model used to describe the dynamics of the
probe and its coupling to the bath is defined in Sec. 2. The calculation of the correction
to the generating function of the position of the probe is computed in Sec. 3; the main
result is the relation (12). The average and variance of the probe position are given in
Sec. 4 and applied to the situations (i) and (ii); limiting cases are discussed. Our results
are compared to numerical simulations in Sec. 5.
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Figure 1. Schematic representation of a probe (red) immersed in a bath of colloids
(blue). The probe is confined in a harmonic potential whose centre position is displaced
at constant velocity v with respect to the bath, as indicated by the arrow.
2. Model of a trapped probe in a colloidal bath
We consider a probe particle with position r0 ∈ Rd at temperature T , immersed in a
bath of colloids with positions {ri}i>0 at temperature Tb (Fig. 1). The probe is confined
in a harmonic trap with stiffness κ located at the origin, corresponding to the potential
κr2/2, and interact with the particles of the bath via the pairwise interaction potential
U(r); bath colloids interact via the pairwise interaction potential V (r). In order to
represent a motion of the trap with a velocity v, the particles of the bath are advected
with a velocity −v. We assume that all the particles follow an overdamped Langevin
dynamics, so that
r˙0 = −µκr0 − µ∇0
∑
i
U(ri − r0) +
√
2µTξ0, (1)
r˙i = −v −∇i
[∑
j
V (ri − rj) + U(ri − r0)
]
+
√
2Tbξi, (2)
where µ is the probe mobility, and we have set the mobility of the bath particles to
unity. The term ξi is a zero-mean white Gaussian noise with correlations 〈ξiα(t)ξjβ(0)〉 =
δijδαβδ(t).
To explore the interplay between interactions with the bath particles and harmonic
confinement, our goal is to obtain the single-time statistics of the probe position r0 in
the stationnary state, which is described by the cumulant generating function
ψq =
〈
eiq·r0
〉
. (3)
Without probe-bath interaction (U = 0), the probe position follows a Gaussian
distribution with zero mean and variance 〈r20〉 = dT/κ, and ψq = e−κq2/(2T ).
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3. Calculation of the probe position generating function
To compute ψq, we follow the approach of [23]. We linearize the dynamics of the bath
using the Random Phase Approximation in (Sec. 3.1); then, we incorporate it in the
probe equation of motion to obtain an effective dynamics (Sec. 3.2); next, we use a path-
integral formulation of the dynamics of the probe to calculate observables perturbatively
in the probe-bath interaction U (Sec. 3.3); finally, we obtain the correction to the
generating function ψq (Sec. 3.4), which is our main result (12)).
3.1. Linearized dynamics of the bath
The bath colloids can be represented by their density field ρ(r, t) =
∑
i 6=0 δ[r − ri(t)],
whose dynamics is given by the Dean equation [32]:
(∂t − v · ∇)ρ(r, t) = ∇ ·
[
ρ(r, t)∇
(∫
V (r− r′)ρ(r′, t)dr′ + U [r− r0(t)]
)
+ Tb∇ρ(r, t)
]
+∇ ·
[√
2Tbρ(r, t)Λ(r, t)
]
,
(4)
where Λ is a zero-mean Gaussian noise with correlations 〈Λα(r, t)Λβ(r′, t′)〉 = δαβδ(r−
r′)δ(t− t′).
Following [23], we linearize (4) around the average value ρ0, which corresponds to
the Random Phase Approximation [33] in the theory of liquids. The modes of density
fluctuations φk, defined as φk(t) =
∫
e−ik·r
[
ρ(r, t)− ρ0
]
dr, follow
∂tφk = −[k2(Tb + ρ0Vk)− iv · k]φk − ρ0k2Uke−ik·r0 +
√
2ρ0Tbik ·Λk, (5)
where here and in what follows the subscript k refers to the Fourier mode of a given
field. It can be integrated exactly as
φk(t) =
∫
Gk(t− t′)
[√
2ρ0Tbik ·Λk(t′)− ρ0k2Uke−ik·r0(t′)
]
dt′, (6)
Gk(t) = exp
{− [k2(Tb + ρ0Vk)− iv · k]t}Θ(t). (7)
where Θ is the Heaviside step function. The bath linearization should only be valid for
weak interactions a priori, yet it has been shown that it can also provide some useful
insight even beyond such a regime [28, 34].
3.2. Effective dynamics for the probe
The force exerted by the bath on the probe can then be written as
−∇0
∑
i
U [ri(t)− r0(t)] = −
∫
k
ikUkeik·r0(t)φk(t)
= ρ0
∫
k
ik|k|2U2k
∫
Gk(t− t′)eik·[r0(t)−r0(t′)]dt′ + Γ[r0(t), t],
(8)
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where
∫
k
=
∫
dk/(2pi)d. The first term embodies the effect of the probe on the bath,
which resists the probe displacement: this a damping term in the probe dynamics. The
second term Γ is a zero-mean Gaussian noise, which reflects the effect of the bath noise
Λ in the probe dynamics; its correlations are
〈Γα(r, t)Γβ(r′, t′)〉 = ρ0Tb
∫
k
kαkβU
2
k
Tb + ρ0Vk
eik·(r−r
′)−k2(Tb+ρ0Vk)|t−t′|+iv·k(t−t′). (9)
As a result, we have obtained an effective dynamics for the probe position r0 by
integrating the bath degrees of freedom {ri}. This introduces memory effects in
the probe dynamics, with an explicit dependence on the microscopic details of the
surrounding bath particles. At variance with some previous works [35–37], our approach
does not assume a slow relaxation of the tracer dynamics compared to the bath.
Our approach relies on the fact that the probe is linearly coupled to the density
fluctuations φk, which are Gaussian fields with first order dynamics. It can thus be
generalized to the coupling to any field satisfying these properties; a general model and
the corresponding results are given in Appendix A.
3.3. Path-integral formulation
The dynamic action A which rules the path probability of probe trajectories P ∼ e−A
can then be separated into (i) a free-motion contribution A0, and (ii) a contribution
from interactions Aint. Using some standard path integral techniques [31, 38, 39], they
can be written in terms of the probe position r0 and the conjugated process r¯0 as
A0 =
∫
r¯0(t) ·
[
ir˙0(t) + µT r¯0(t)
]
dt,
Aint = ρ0µ
∫
dtdt′
∫
k
U2ke
ik·[r0(t)−r0(t′)]Gk(t− t′)
[
k · r¯0(t)
]{µTb[k · r¯0(t′)]
Tb + ρ0Vk
− k2
}
.
(10)
Note that the interaction action scales with the probe-bath interaction as Aint ∼ U2.
We can now compute the correction to the generation function of the position of
the probe (3) perturbatively in the interaction action, which corresponds to the regime
of weak interactions between the tracer and the bath particles. To the first order in
Aint, we have
ψq =
〈
eiq·r0
〉
=
〈
eiq·r0
〉
0
− 〈Ainteiq·r0〉0, (11)
where 〈·〉0 denotes an average with respect to A0, and we have used that 〈Aint〉0 = 0 [31].
3.4. Generating function
Given that the probe statistics drawn from A0 is Gaussian, evaluating the correction
in (11) amounts to computing Gaussian integrals. The leading order reads
〈
eiq·r0(0)
〉
0
=
e−κq2/2T . The first order correction to ψq requires to evaluate some correlations between
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the probe position r0 and the conjugated process r¯0. We defer to Appendix B the detailed
derivation, yielding
ψq − e−κq2/(2T )
= −ρ0µe−κq2/(2T )
∫ ∞
0
dtdt′
∫
k
(k · q)U2ke−µκt
{
k2 +
µTbe−µκt
′
Tb + ρ0Vk
[
k2 + (k · q)e−µκt
]}
× exp
{
− [k2(Tb + ρ0Vk)− iv · k]t′ − T
κ
[
1− e−µκt′
][
k2 + (k · q)e−µκt
]}
.
(12)
This is our main result. The generalization to arbitrary linear field dynamics is presented
in Appendix A. In the next section, we use this result to compute the mean and the
variance of the position of the probe.
4. Average and variance of the probe position and applications
The moments of the probe statistics can be directly obtained from the cumulant
generating function. Specifically, the average position 〈r0α〉 and the position variance
〈r0αr0β〉 − 〈r0α〉〈r0β〉 can be obtained from the generating function ψq through
〈r0α〉 = −idψqdqα
∣∣∣∣
|q|=0
, (13)
〈r0αr0β〉 = −2 d
2ψq
dqαdqβ
∣∣∣∣
|q|=0
. (14)
In what follows, we discuss various special cases for the average and variance, and show
that simple expressions can be obtained in the limits of strong and weak confinement.
4.1. Average position and drag force
From the explicit expression of ψq, given at first order in (12), and the relation (14), we
obtain the average probe position in the trap:
〈r0α〉 = iρ0
κ
∫ ∞
0
dt
∫
k
kαk
2U2k
[
1 +
µTbe−µκt
Tb + ρ0Vk
]
× exp
{
− [k2(Tb + ρ0Vk)− iv · k]t− k2T
κ
[
1− e−µκt
]}
.
(15)
It is non-zero only along the direction of the trap velocity v = veˆ as expected. The
angular integral can be performed, so that the component parallel to eˆ, 〈r0‖〉, is
〈r0‖〉 = −ρ0
κ
∫ ∞
0
dt
∫ ∞
0
dkKd(k, kvt)U2k
[
1 +
µTbe−µκt
Tb + ρ0Vk
]
× exp
{
− k2(Tb + ρ0Vk)t− k
2T
κ
[
1− e−µκt
]}
,
(16)
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where the explicit expression of Kd depends on the spatial dimension d:
Kd(k, u) =

k3
pi
sin(u) for d = 1,
k4
2pi
J1(u) for d = 2,
k5
2(piu)2
[
sin(u)− u cos(u)] for d = 3, (17)
Jn referring to the Bessel function of order n.
We now address the weak and strong confinement regimes. The relative strength
of the confinement is determined by the ratio of the probe and bath relaxation time
scales: (i) the probe relaxes in the trap with a typical time τtrap ∼ 1/(µκ), and (ii)
the relaxation of the surrounding bath particles is controlled by the diffusive time
τbath ∼ a2/(Tb +ρ0Va−1), where a is the characteristic size of the probe-bath interaction.
The probe is weakly confined when τtrap  τbath, or κ κ∗ = (Tb + ρ0Va−1)/(µa2), and
strongly confined in the opposite limit.
In these asymptotic regimes, the average position gets simplified as
〈r0‖〉 '
κκ∗
−ρ0v
κ
∫
k
k2‖k
2U2k
k4(Tb + ρ0Vk)2 + (v · k)2 ,
〈r0‖〉 '
κκ∗
−ρ0v
κ
∫
k
k2‖k
2U2k
k4(µT + Tb + ρ0Vk)2 + (v · k)2 ·
(1 + µ)Tb + ρ0Vk
Tb + ρ0Vk
.
(18)
Neither the probe temperature T nor the probe mobility µ affect the average position for
a strong confinement (κ κ∗), showing that the probe position is essentially controlled
by interactions with surrounding particles in this regime.
The asymptotic results (18) can be related to previous studies on active
microrheology, either at constant velocity [18] or constant force [23], where the
environment surrounding the tracer is also described by a Gaussian field. In steady
state, the average drag force fdrag = −〈∇0
∑
i U(ri−r0)〉, which is exerted by surrounding
particles on the probe, compensates the restoring force of the harmonic trap, so that
fdrag = κ〈r0〉. Substituting (18) for a strong confinement and equal temperatures
(κ κ∗ and T = Tb), one recovers the expression obtained previously in [18] for µ = 1.
Thus, the strong confinement regime corresponds to the constant velocity driving mode.
The effective mobility of the probe can be defined as the ratio of its velocity to the
total drag force, which includes the drag force from the colloidal bath, fdrag, and the
drag due to the solvent, fsol = −µ−1v:
µeff =
v
| − µ−1v + fdrag,‖| = µ
(
1 +
µfdrag,‖
v
)
(19)
at first order in fdrag ∼ U2. Substituting (18) for a weak confinement and equal
temperatures (κ  κ∗ and T = Tb), we recover the result derived in [23] for µ = 1,
showing that the weak trap limit corresponds to the constant force driving mode.
The evolution of the drag coefficient λ0 = lim
v→0
− κ〈r0‖〉/v as a function of trap
stiffness shows a smooth crossover between the two asymptotic regimes, as reported in
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Figure 2. (a) Drag coefficient λ0 = lim
v→0
− κ〈r0‖〉/v as a function of the scaled
stiffness κ/κ∗ for different temperature ratios T/Tb. (b) Scaled tracer displacement
−κ〈r0‖〉/v as a function of the scaled trap velocity va/Tb for different scaled stiffnesses
κ/κ∗. The displacement 〈r0‖〉 is given by evaluating numerically (16), where the
interaction potentials are both taken as a Gaussian core: V (r) = εe−|r|
2/2a and U = V .
Parameters: ρ0 = 0.1, ε = 1, Tb = 1, µ = 1, a = 1, d = 2.
Fig. 2(a). In the strong confinement regime (κ  κ∗), the drag is independent of the
tracer temperature T , since the constant velocity driving mode is not affected by how
the tracer interacts with the solvent. In contrast, the drag at weak confinement (κ κ∗)
decreases monotonically with T/Tb. In this regime, increasing the tracer fluctuations
stemming from the solvent, as controlled by T , effectively reduces the relative strength
of interactions with bath particles, thereby decreasing their resistance to tracer motion.
Moreover, when T > Tb, we observe that the scaled displacement −κ〈r0‖〉/v can exhibit
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a transient plateau in between the one at small velocity, where the drag coefficient is
commonly defined, and the shear thinning regime at large velocity; see the curve for
κ = κ∗ in Fig. 2(b). This suggests that, for a regime of parameters, this intermediate
plateau can potentially lead to underestimating the drag coefficient λ0, namely if one
does not evaluate λ0 for sufficiently small velocity values.
Overall, our results draw a direct analogy between asymptotic confinement regimes
and well established microrheology experiments. In particular, this suggests that
confining a probe in a moving harmonic trap with tunable stiffness provides a way
to quantify the crossover between standard microrheology methods, either at constant
velocity or at constant force.
4.2. Position variance and effective temperature
The correction from the equilibrium probe variance follows from (12) and (14) as
〈r0αr0β〉 − 〈r0α〉〈r0β〉 = δαβ T
(eff)
α
κ
, (20)
where we have introduced the effective temperature T (eff)α defined as
T
(eff)
α
T
= 1 + ρ0
∫ ∞
0
dt
∫
k
k2αU
2
k
{
µe−µκt
Tb + ρ0Vk
· Tb
T
− k
2
κ
[
1 +
µTbe−µκt
Tb + ρ0Vk
][
1− e−µκt
]}
× exp
{
− [k2(Tb + ρ0Vk)− iv · k]t− k2T
κ
[
1− e−µκt
]}
.
(21)
The term 〈r0α〉〈r0β〉 does not contribute at order U2, since 〈r0α〉 ∼ U2, so that the
variance coincides with 〈r0αr0β〉 at first order. The integration over time in (21) cannot
be done explicitly, and the effective temperature depends on the orientation in general:
parallel, T (eff)‖ , or orthogonal T
(eff)
⊥ to the velocity v. Note that the term effective
temperature is introduced here for convenience, yet it should not be regarded as a proper
thermodynamic temperature. In particular, others have used a similar term for the
ratio of spontaneous fluctuations to response function [40], or as a frequency-dependent
measure of the distance from equilibrium [41–44].
In a static trap (v = 0), the effective temperature (21) is isotropic, namely
T
(eff)
‖ = T
(eff)
⊥ = T
(eff), and it can be written as
T (eff)
T
= 1+
ρ0
d
[
Tb
T
− 1
] ∫ ∞
0
dt
∫
k
k4U2k
[
1− e−µκt
]
× exp
{
− k2(Tb + ρ0Vk)t− k
2T
κ
[
1− e−µκt
]}
.
(22)
It is directly proportional to the difference between the probe temperature T and the
bath temperature Tb, and it vanishes at equilibrium (T = Tb), as expected from the
equipartition theorem.
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For a moving trap with equal temperatures (v 6= 0 and T = Tb), we expand the
effective temperature at small velocity as
T
(eff)
‖
T
= 1 +
( v
v0
)2 ∫
u4‖dΩd +O
( v
v0
)4
,
T
(eff)
⊥
T
= 1 +
( v
v0
)2 ∫
u2‖u
2
2dΩd +O
( v
v0
)4
,
(23)
where u‖ and u2 are the components of the unit vector u along v and along a direction
perpendicular to v, and dΩd refers to the elementary solid angle in d dimensions. The
velocity factor v0 is defined by
1
v20
=
ρ0
2
∫ ∞
0
dt
∫
k
k4U2k
{
µe−µκt
T + ρ0Vk
− k
2
κ
[
1 +
µT e−µκt
T + ρ0Vk
][
1− e−µκt
]}
.
× exp
{
− k2(T + ρ0Vk)t− k
2T
κ
[
1− e−µκt
]}
.
(24)
The angular integrals in (23) can be computed in arbitrary dimension d, as shown
in Appendix C, yielding
T
(eff)
‖ − T = 3
[
T
(eff)
⊥ − T
]
. (25)
As a result, the first correction to the anisotropic components of the probe variance are
related independently of the microscopic details, namely for any interaction potentials V
and U , any trap stiffness κ, any mobility µ and any temperature T . The increment of the
probe position fluctuations as the trap is driven through the colloidal bath is reminiscent
of the force-induced diffusion in constant force microrheology, and the anisotropy found
here has been observed in other systems [20, 21, 45].
Finally, the effective temperature can be simplified in the asymptotic confinement
regimes as
T
(eff)
α
T
'
κκ∗
1 +
ρ0Tb
κT
∫
k
k2αU
2
k
Tb + ρ0Vk
· k
2(1− T/Tb)(Tb + ρ0Vk)− iv · k
k2(Tb + ρ0Vk)− iv · k ,
T
(eff)
α
T
'
κκ∗
1 +
ρ0µTb
T
∫
k
k2αU
2
k
Tb + ρ0Vk
· k
2(1− T/Tb)(Tb + ρ0Vk)− iv · k[
k2(µT + Tb + ρ0Vk)− iv · k
]2 . (26)
The first order correction is negligible with respect to the leading order T for a strong
confinement (κ κ∗), while the correction is of the same order in the weak confinement
regime (κ κ∗, Fig. 3).
5. Numerical simulations
To probe the range of validity of these results, we measure the probe position variance
from direct numerical simulations of the microscopic dynamics (1) for a static trap in
a hot bath (v = 0 and Tb  T ). We consider particles in a two-dimensional box
of size L = 40a, with periodic boundary conditions, interacting through the soft-core
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Figure 3. Correction to effective temperature T (eff)/T −1 as a function of the scaled
stiffness κ/κ∗ for a static trap v = 0. The circles are results from direct simulations
of the microscopic dynamics (1). The thin solid lines correspond to the numerical
evaluation of our prediction (22), and the thick solid lines refer to the asymptotic
behaviours in (26). (a) Varying the packing fraction ϕ at ε = 0.5Tb and σ = a. (b)
Varying the scaled interaction strength ε/Tb at ϕ = 0.16 and σ = a. (c) Varying the
scaled probe size σ/a at ε = 0.5Tb and ϕ = 0.16. Other parameters: T = 10−3, Tb = 1,
µ = 1.
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potential V (r) = ε(1−|r|/a)2Θ(a−|r|), and we take identical interactions between probe
and bath particles (U = V ). To compare the simulation results with our predictions,
the integration over the modes k is done with the corresponding Fourier potential
Vk = (2piε/k
2)
{
pi
[
J1(a|k|)H0(a|k|) − J0(a|k|)H1(a|k|)
] − 2J2(a|k|)}, where Jn and Hn
respectively denote the Bessel and Struve functions of order n.
We extract the correction to the effective temperature T (eff)/T−1 at different values
of the packing fraction ϕ = ρ0pia4/4. For weak interactions (ε < Tb), our prediction (21)
indeed reproduces the measurements for a large range of trap stiffness values κ, up to
the asymptotic regimes given in (26), both at low and high packing fractions ϕ, as
shown in Fig. 3(a). Some deviations become manifest when the strength of interactions
ε increases, as expected (Fig. 3(b)). Yet, we report the same qualitative behavior: the
hot bath increases T (eff)/T − 1 for a weak confinement κ  κ∗, and the correction to
the equilibrium temperature T is negligible for a strong confinement κ κ∗, as shown
in Fig. 3(b).
Finally, we consider simulations where the probe size σ, set by the range of the
probe-bath interaction potential U , is larger than the size a of bath particles. This
leads to increase the variance correction (21) for a weak confinement, yet the strong
confinement regime is unaffected. Surprisingly, our perturbative treatment remains
valid even for a correction to T (eff) up to approximately ten times its equilibrium value
T , as reported in Fig. 3(c). Overall, our numerical measurements support the validity
of our perturbative approach, even in regimes where the correction to equilibrium is
non-negligible.
6. Conclusion
We have studied the statistics of a Brownian probe immersed in a colloidal bath and
confined in a harmonic trap for two out-of-equilibrium situations. From the perturbative
calculation of the cumulant generating function of the probe position, we have deduced
the average and variance, which are respectively related to the drag force and to an
effective temperature. The validity of our approach, based on an explicit coarse-
graining of the bath surrounding the tracer, is confirmed through direct simulations
of the microscopic dynamics.
Some experimental realizations have demonstrated the feasibility of extracting
work from the fluctuations of a colloidal probe [8, 46–48]. This is based on varying
the parameters of an external confinement potential through cyclic protocols. For a
quasistatic protocol with a harmonic trap, the work and the heat follow directly from
the steady-state probe variance [49, 50]. Therefore, our results could be used to explore
the properties of heat engines operating in a colloidal bath. Besides, popular models
of self-propelled particles generally involve a source of persistent fluctuations, whose
correlations decay exponentially with time [51–54]. In our settings, the temperature
difference between probe and bath can be regarded as the limiting case of a vanishing
correlation time: this opens the door to considering engines operating with an active
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bath in such a regime.
Finally, exploring the finite-time properties of heat engines requires further
knowledge of the probe dynamics, such as the two-time correlation of position [55–
57]. The maximal power has been computed recently when the relaxation in the trap is
slower than the relaxation of the bath [28], which corresponds to the weak trap limit.
Regimes beyond this can now potentially be addressed with the tools developed here.
More generally, the two-time correlation in a moving trap would also provide access to
the viscoelastic properties of the fluid following some recent methods [5, 6].
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Appendix A. Generic linear field dynamics
We consider in this Appendix the case of a Brownian probe, with position r0, coupled
with an arbitrary linear field φ, whose dynamics is given by
r˙0 = −µκr0 − µ
∫
k
ikKke
ik·r0φk +
√
2µTξ0,
∂tφk = −[RkAk − iv · k]φk −RkKke−ik·r0 +
√
2TbΞk,
(A.1)
where we assume that {Ak, Rk, Kk} are symmetric with respect to k, and Ξ is a zero-
mean Gaussian noise with correlations 〈Ξα(r, t)Ξβ(r′, t′)〉 = δαβR(r − r′)δ(t − t′). We
recover the case of a colloidal bath in (5) for Ak = Tb/ρ0 +Vk, Rk = ρ0k2, and Kk = Uk.
Following the procedure detailed in Sec. 3, the cumulant generating function of probe
position ψq = 〈eiq·r0〉 can be obtained for the generic dynamics (A.1) as
ψq − e−κq2/(2T )
= −µe−κq2/(2T )
∫ ∞
0
dtdt′
∫
k
(k · q)K2ke−µκt
{
Rk +
µTbe−µκt
′
Ak
[
k2 + (k · q)e−µκt
]}
× exp
{
− [RkAk − iv · k]t′ − T
κ
[
1− e−µκt′
][
k2 + (k · q)e−µκt
]}
.
(A.2)
This is the generalization of (12). Note that this it corresponds to a perturbative
calculation at order K2. The probe position average and variance follow as
〈r0α〉 = i
κ
∫ ∞
0
dt
∫
k
kαK
2
k
[
Rk +
µTbk
2e−µκt
Ak
]
× exp
{
− [RkAk − iv · k]t− k2T
κ
[
1− e−µκt
]}
,
(A.3)
Driven probe under harmonic confinement in a colloidal bath 14
and
〈r0αr0β〉 − 〈r0α〉〈r0β〉 − δαβ T
κ
=
1
κ
∫ ∞
0
dt
∫
k
kαkβK
2
k
{
µTbe−µκt
Ak
− T
κ
[
Rk +
µTbk
2e−µκt
Ak
][
1− e−µκt
]}
.
× exp
{
− [RkAk − iv · k]t− k2T
κ
[
1− e−µκt
]}
.
(A.4)
The expressions in the weak and strong confinement regimes, given in (18) and (26) for
the case of a colloidal bath, can be readily deduced.
Appendix B. Cumulant generating function: perturbative treatment
This Appendix is devoted to the derivation of the cumulant generating function of probe
position ψq = 〈eiq·r0〉. From the explicit expression of the interacting action Aint, given
in (10), the first order correction
〈Ainteiq·r0〉0 in ψq requires to evaluate the following
correlations〈
k · r¯0(t)eiq·r0(0)+ik·[r0(t)−r0(t′)]
〉
0
=
〈
ik · r¯0(t)
{
q · r0(0) + k · [r0(t)− r0(t′)]
}〉
0
× exp
{
− 1
2
〈[
q · r0(0) + k · [r0(t)− r0(t′)]
]2〉
0
}
,〈
r¯0α(t)r¯0β(t
′)eiq·r0(0)+ik·[r0(t)−r0(t
′)]〉
0
= −〈r¯0α(t){q · r0(0) + k · [r0(t)− r0(t′)]}〉0
× 〈r¯0β(t){q · r0(0) + k · [r0(t)− r0(t′)]}〉0
× exp
{
− 1
2
〈[
q · r0(0) + k · [r0(t)− r0(t′)]
]2〉
0
}
,
(B.1)
where we have applied Wick’s theorem for some exponential observables [23, 31]. The
correlations of r0 and r¯0 can be easily evaluated in the non-interacting dynamics as〈
r0α(t)r0β(t
′)
〉
0
= δαβ
T
κ
e−µκ|t−t
′|,〈
r0α(t)r¯0β(t
′)
〉
0
= iδαβe−µκ(t−t
′)Θ(t− t′),〈
[r0(t)− r0(t′)]2
〉
0
=
2dT
κ
[
1− e−µκ|t−t′|
]
,
(B.2)
yielding〈
k · r¯0(t)eiq·r0(t)+ik·[r0(t)−r0(t′)]
〉
0
= −Θ(−t)(k · q)eκ(µt−q2/2T )
× exp
{
− T
κ
[
1− e−µκ(t−t′)
][
k2 + (k · q)eµκt
]}
,
(B.3)
and 〈[
k · r¯0(t)
][
k · r¯0(t′)
]
eiq·r0(t)+ik·[r0(t)−r0(t
′)]〉
0
= Θ(−t)(k · q)eκ(µt′−q2/2T )
[
k2 + (k · q)eµκt
]
× exp
{
− T
κ
[
1− e−µκ(t−t′)
][
k2 + (k · q)eµκt
]}
.
(B.4)
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Substituting this in
〈Ainteiq·r0(0)〉0, we then deduce our final result for ψq, written in (12)
by using the change of variables {t, t− t′} → {−t, t′}.
Appendix C. Anisotropic probe variance: angular integrals
In this Appendix, we compute explicitly the angular contribution of the anisotropic
components of probe variance, when v 6= 0 and T = Tb, as given in (23) for small v:
I4 =
∫
u4‖dΩd, I2,2 =
∫
u2‖u
2
2dΩd. (C.1)
First, we note that I4 and I2,2 can be related in terms of I2, defined as
I2 =
∫
u2‖dΩd =
∫
u2‖
[ d∑
i=1
u2i
]
dΩd = I4 + (d− 1)I2,2, (C.2)
where we have used that u is a unit vector. The integrals I4 and I2 can be deduced
from a generic integral In, given by
In =
∫ pi
0
(cos θ)n(sin θ)d−2dθ = B
[
d− 1
2
,
n+ 1
2
]
, (C.3)
where we have introduced the Beta function B(x, y) = Γ(x)Γ(y)/Γ(x+ y), and Γ is the
Euler’s Gamma function. The ratio I2,2/I4 follows as
I2,2
I4 =
1
d− 1
[I2
I4 − 1
]
=
1
3
, (C.4)
where we have used Γ(d+ 1) = dΓ(d).
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